SPLICE DIAGRAM SINGULARITIES AND THE UNIVERSAL 
ABELIAN COVER OF GRAPH ORBIFOLDS 



HELGE M0LLER PEDERSEN 



Abstract. Given a rational homology sphere M, whose splice diagram T(M) 
satisfy the semigroup condition, Neumann and Wahl were able to define a 
complete intersection surface singularity called splice diagram singularity from 
r(M). They were also able to show that under an additional hypothesis on M 
called the congruence condition, the link of the splice diagram singularity is 
the universal abelian cover of M. In this article we generalize the congruence 
condition to the class of orbifolds called graph orbifold. We show that under 
a small additional hypothesis, this orbifold congruence condition implies that 
the link or the splice diagram equations is the universal abelian cover. We also 
show that any two node splice diagram satisfying the semigroup condition, 
is the splice diagram of a graph orbifold satisfying the orbifold congruence 
condition. 



1. Introduction 

The topology of an isolated complex surface singularity is determined by its link, 
which all turn to be among the class of 3-manifolds called graph manifolds, that 
is the manifolds which only have Seifert fibered pieces in their JSJ-decomposition. 
There are several graph invariants of graph manifolds which is used to study them. 
The hrst is the plumbing diagram of a plumbed 4-manifold X such that our graph 
manifold M is the boundary of X, this does give a complete invariant if one as- 
sumes the plumbing diagram is in a normal form (see [NeuSl] ). of which there 
are several different. Now the plumbing diagrams can be quite large and does not 
always display the properties of the manifold clearly, so we are interested in an 
other invariant called splice diagram. Splice diagrams where original introduced in 
[EN85] and |Sie80| for integer homology sphere graph manifolds. It was then later 
generalized by Neumann and Wahl to rational homology spheres in [NW02J . They 
used it extensively in |NW05b] and [NW05aJ, and especially their use in |NW05aj 
is of interest to us. 

In |NW05aj they use the splice diagram of a singularity link M satisfying what 
they call the semigroup condition, to construct a set of equations called splice di- 
agram equations defining an isolated complete intersection surface singularity X. 
They then showed that if M satisfy an additional hypothesis called the congruence 
condition, the link of X is the universal abelian cover of M. In |PedlOa| I showed 
that the splice diagram of any graph manifold M always determines the universal 
abelian cover of M. So combining these to result one gets a nice description of the 
universal abelian cover of a graph manifold M, as the link of complete intersection, 
provided that there is some graph manifold M' with the same splice diagram satis- 
fying the congruence condition. This already implies that the congruence condition 
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might not be needed, moreover the following splice diagram 



r 




23 



15 




have no manifolds with it as its splice diagram satisfying the congruence condition, 
even though it satisfy the semigroup condition and it is the splice diagram of 4 dif- 
ferent manifolds. Nonetheless one can construct a plumbing diagram of the abelian 
cover use the algorithm derived from my proof of Theorem 6.3 in jPedlOa] which is 
explained in more detail in [Pe dlOb] where this example is explicitly constructed, 
and one can find a dual resolution graph for the resolution of the splice diagram 
equation of T by hand, and it shows that also in this case is the link of the splice 
diagram singularity the universal abelian cover. This again indicates that the con- 
gruence condition is not needed. Even more interesting is the next example. The 
following splice diagram 



satisfy the semigroup condition, and the universal abelian cover is the link of the 
splice diagram singularity. But there are no manifolds with T' as its splice diagram. 
So what is the link the universal abelian cover of? To prove Theorem 6.6 of [PedlOaj 
I had to generalize the notion of splice diagram to a class of 3-dimensional orbifolds 
which I called graph orbifolds, and r" is the splice diagram of several graph orbifold. 

This leads to the purpose of this article, to generalize the congruence condition 
to graph orbifolds, which is done in Section [6] Show that, under a small extra 
hypothesis, the link of at splice diagram equation of F(M) is the universal abelian 
cover of M if M satisfy the orbifold congruence condition in Section [7] In section 
[5] we show that this is indeed an extension of the results of [NW05aJ, by given 
any two nodes splice diagram T satisfying the semigroup condition constructing a 
graph orbifold M satisfying the orbifold congruence condition, with V as its splice 
diagram. Section [2] introduces graph orbifolds, Section [3] introduces splice diagram, 
and Section U the splice diagram equations. Section [5] introduces the discriminant 
group which is needed in the definition of the congruence condition. 



To generalize the conditions for the splice diagram equation to define the univer- 
sal abelian cover, we have to extend the notion of splice diagrams to graph orbifolds, 
so in this section we define graph orbifolds. 

Definition 2.1. A graph orbifold is a 3-dimensional orbifold M, in which there exist 
a finite collection {TjJ-jgi,...^ of smoothly embedded tori, such that M — 1J" =1 Ti is 
a collection of S 1 orbifold fibrations over orbifold surfaces. 

We will only consider graph orbifolds which has compact closure which is also a 
graph orbifold, and the boundary components will always be smoothly embedded 
tori. Notice that if M is smooth then M is a graph manifold, since any S 1 orbifold 
fibration over an orbifold surface with smooth total space is Seifert fibered. 

Next we want to describe how a graph orbifold look locally, so we will look 
at a S 1 orbifold fibration over orbifold surface 7r: M — > S. If x S £ is not an 
orbifold point then there is a disk neighborhood D of x such that M\ n -iM is a 
trivial fibered solid torus. So the interesting situation is when x 6 £ is an orbifold 
point. This means that a neighborhood U of x is homeomorphic to R 2 /(Z/aZ) 
for a a > I, where the group acts as rotation. Then M \t T - 1 (u) i s homeomorphic to 




2. Graph Orbifolds 
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(f/xS* 1 )/(Z/aZ) where [k] E Z/aZactsby [k](z,s) = ( e 27rikv ^ a z, e " 27Tik i/ a s) where 
we consider U = <D, q \ a and gcd(t>,a) = 1. Let satisfy (3'v = —1 mod a, and 
let j3 = fj'q. We call the pair (a, /3) the Seifert invariants of the singular fiber over 
x if we choose < (3 < a. Notice if gcd(a, f3) — 1 then the action on (U x S 1 ) is free 
and hence 7r _1 ([7) is smooth. We call q — gcd(a,/3) for the orbifold degree of the 
singular fiber. We will say that any non singular fiber has orbifold degree 1, which 
off course follows from the Seifert invariants of a non singular fiber being (1,0). 
We denote by Nr a ,0) a solid torus neighborhood of the singular fiber with Seifert 
invariants (a, ft), and by abuse of notation we call N q a solid torus neighborhood 
of a singular fiber of orbifold degree q. 

One can now construct an unique decomposition of a compact graph orbifold M, 
the following way. Let qi , . . . , q n be the orbifold degrees of all the singular fibers 
which has orbifold degree greater than 1, and let N qi be solid torus neighborhoods 
of the corresponding singular fiber as above. Then M' = M — U™=i N Qi is a graph 
manifold with boundary, and hence the JS J-decomposition of M' gives us a collec- 
tion of Seifert fibered manifolds with boundary Mj's. We then makes the pieces 
of the decomposition of M by gluing back the N qi in their original places. This is 
unique since the JSJ decomposition of M' is unique. We will call this decomposition 
for the JSJ- decomposition of M. 

Let K C M be an orbifold curve with Seifert invariants (a,/3), then the gluing 
of N( a ^ into M ' = M — Ni a ^\ is completely determined by a simple closed curve 
in T = dM' of slope f3 /a. Let q = gcd(a,/3) be the orbifold degree of K and let 
a' = a/q and ft = (3/q. Then (a',/3') determines a Seifert fibration of the solid 
torus A^q,/ ^/), notice that the Seifert fibration of Ni a i^i\ and the orbifold structure 
on Nr a> m determines the same closed curve in dM' since ft 1 jo! = /3/a, therefore 
if Mk — M'\jN/ a i^n using the same gluing, Mk and M has the same topology, 
even though M and Mk is not equal as graph orbifolds since the singular fiber K 
has different Seifert invariants. If one replaces M with Mx f for all curves Ki which 
has orbifold degree greater than one, we get a graph manifold M which have the 
same topology as M, we call M the underlying manifold of M . 

In the definition of splice diagram of a graph manifold M, one uses the order 
for the first singular homology group of some graph manifolds constructed from 
M. Now the above implies that if we just use the singular homology groups when 
we define the splice diagram of a graph orbifold M, then one just get the splice 
diagram of the underlying manifold. So if using orbifold to extend the theory 
has to have any meaning, we need another homology theory, which reduces to 
singular homology in M is smooth, but sees the orbifold structure otherwise. This 
is going to be what we will call orbifold homology. Since we only need the first 
orbifold homology group, it suffices to define Hi rb (M) to be the abelianazation of 
the orbifold fundamental group ir° rb (M). The orbifold fundamental group is a more 
classical object, and have been studied a lot, especially in the geometrization of 3 
dimensional orbifolds (see e.g. [Sco83 ). Since ir orb (M) = tt(M) if M is smooth it 
follows that H1 rb {M) = ffi(M) if M is smooth. 

Proposition 2.2. fff b (T Q ^) = TL © TLjqTL where q is the orbifold degree of the 
central fiber, i.e. gcd(a,/3). 

Proof. Since 7r° rf, (T Q!/ 3) can be presented as (q, h, t | q a h° = 1, q a hr = t, [q, h] = 
1) where aj3' — (3a' = q, it is not hard to show that that is indeed a presentation of 
TL^TLjqTL. □ 

This can then be used to show the following relating orbifold homology of M 
and Mk defined above which is Proposition 5.2 of [PedlOa) 
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Proposition 2.3. Let K 6 M be an orbifold curve of degree q, then \H° rb (M)\ = 
q\Hf\M k )\. 

It then follows that \H^ rb {M)\ = Q\H^ rb {M)\ = Q\Hi(M)\, where Q = Y[ K q K 
with the product is taking over all orbifold curves K of orbifold degree qx ■ It 
should be mentioned that our H° rh (M) is part of a homology theory for orbifolds 
in general see |ALR07) . 



3. Splice Diagrams 

A splice diagram is a tree with no vertices of valence 2, which is decorated by 
signs on vertices who have valence greater than 2, we call such vertices nodes, and 
non negative integer weights on edges adjacent to nodes. We will call vertices of 
valence 1 for leaves, and will in general not distinguish between a leaf and the edge 
connecting the leaf to a node. 

We will now explain how to assign a splice diagram as an invariant to any graph 
orbifold. Let M be a rational homology sphere (QHS) graph orbifold, we the 
construct the splice diagram T(M), by first taking a node for each piece of the JSJ- 
decomposition of M, the connect two nodes if the corresponding S^-fibered pieces 
of the decomposition are glued to create M. We will in general not distinguish 
between a node in T(M) and the corresponding S^-fibered piece. This will result 
in a tree since the pieces of the JS J-decomposition of M corresponds to the pieces 
of the JS J-decomposition of the underlying manifold M, and since M is a QHS it 
follows from the comments after Proposition 12. 31 that M is a QHS, and hence its 
JS J-decomposition gives a tree like structure. We add a leaf to a node for each 
singular fiber of the node. 

Next we want to add the decorations. First the signs at a node v is going to be 
the sign of the linking number of two non singular fibers at v, for precise definition 
of this see section 2 of [PedlOaJ, there we do only define it for manifolds, but the 
definition carries over to orbifolds, even though one has to be careful since linking 
number is not going to be symmetric any more in the case of orbifolds. One can 
calculate the linking number in the underlying manifold, and it follows from Lemma 
16.41 that signs will be the same. 

Last thing to define is the edge weights. Let v be a node and e an edge adjacent 
to v, then we will do the following construction to define the edge weight d ve 
adjacent to v on e. Let T C M be the torus corresponding to the edge e, cut M 
along T and let M' be the piece not containing v. Let M ve = M' \J T (S 1 x D 2 ) 
by gluing a meridian of the solid torus to the image of a fiber of v in dM' . Then 

d ve = \H? b {M ve )\, 

The above definition defines a splice diagram where all weight at leaves are 
greater than 1, we call such splice diagram reduced, we will not always assume that 
our splice diagram are reduced, i.e. we will sometimes allow weights at leaf to be 
1. A leaf of weight 1 will correspond to a non singular fiber, so if one has a non 
reduced splice diagram of a graph orbifold M , one gets the reduced splice diagram 
of M by removing all leaves of weight 1 . 

A general edge between two nodes in a splice diagram looks like 




to such an edge we associate a number called the edge determinant, which we define 
as rori — EqEi ( Yi^=i n oi) ( Ojli n ij) > wnere £i is the sign on the i'th node. This 
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number is important since it helps determining which graph manifolds arises as 
singularity links, by the following theorem from |PedlOa| 

Theorem 3.1. Let M be a QHS graph manifold with splice diagram T(M). Then 
M is the link of an isolated complex surface singularity if and only if there are no 
negative signs on nodes and all edge determinants ofT(AI) are positive. 

Not all combinatorial splice diagram arises as the splice diagram of a graph 
orbifold. We will next introduce an important condition which the splice diagram 
of any graph orbifold satisfy. Let T be a splice diagram, and let v and w be two 
vertices in L. Then one defines the linking number l vw of v and w to be the product 
of all edge weights adjacent to but not on the shortest path from v to w. Similarly 
l' vw is defined the the same way except we exclude the weights adjacent to v and w. 
Let e be an edge at v then T ve is the connected subgraph of L one get by removing 
v, which includes the edge e. We then define ideal generator at v in direction of e 
d ve , to be the positive generator of the following ideal in 7L 

(l' vw | w is a leaf of r„ e ) 

Definition 3.2. A splice diagram T satisfy the ideal condition if every edge weight 
d ve is divisible by the corresponding ideal generator d ve 



In section 12.1 in [NW05aJ Neumann and Wahl proves that every splice diagram 
coming from a singularity link satisfy the ideal condition, and the proof also works 
in the general setting of any graph orbifold. So satisfying the ideal condition is a 
necessary condition for a splice diagram to come from graph orbifold, in the one 
node case the ideal condition is void and we show in section [5] the in the two node 
case the ideal condition is also sufficient, unfortunately this is not the case if the 
splice diagram have more than two nodes, and the lack of understanding which 
splice diagram that in general arises as invariant of graph orbifolds is one of the 
reasons we have not been able to extend the main result to more than two nodes 
splice diagrams. 

4. Splice Diagram Equations 

We are in general going to be be interested in splice diagram satisfying the 
following stronger condition than the ideal condition. 

Definition 4.1. A splice diagram T is said to satisfy the semigroup condition if 
for every node v and edge e at v. The edge weight lies in the following semigroup 
of N: 

d ve e N(l' vw I w a leaf in r^ e ) 

The semigroup is only interesting if one has no negative signs at nodes, so we will 
assume that splice diagrams satisfying the semigroup satisfy this. The semigroup 
condition is strictly stronger than the ideal condition for splice diagram with more 
than one node. 

If M satisfy the semigroup condition, then given a node v and adjacent edge e, 
one can write the corresponding edge weight as 

(1) d ve ^ ^ &vwlvw> 

uj is a leaf of T ve 

where the q„'s are non negative integers. We call the collection of a vw semigroup 
coefficients of d ve . It not hard to see that ((T|) is equivalent to 

(2) d v ^ Oi vw l VW7 

id is a leaf of T ve 
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where d v is the product of all edge weights adjacent to v. 

From now on we will assume that T satisfy the semigroup condition, we then 
associate to each leaf w of T a variable z w , and have the following definitions. 

Definition 4.2. Let v be a node of T and assume T has leaves w\, . . . , w n , then a 
v-weighting, or v-filtration, of ©[2^ , . . . , z Wn ] is to associate the weight l VWi to z Wi . 

Definition 4.3. Let v be a node of F an e an adjacent edge, then an admissible 
monomial associated to v and e, is a monomial on the form M ve = Y[ w , where 
the product is taken over all leaves in r„ e , and the a^'s is a choice of semigroup 
coefficients of d ve . 

It is clear that each admissible monomial is v- weighted homogeneous, of total 
w-weight d v . 

Definition 4.4. Let T with leaves w±, . . . ,w n be a splice diagram satisfying the 
semigroup condition, then a set of splice diagram equations for T, is the following 
set of equations in the variables z Wl , . . . , z Wn . 



a V i e M ve + H v i 7 v a node of valence 5 V , e an adjacent edge, i = 1, . . . , 8 V — 2 



where 

• M ve is an admissible monomial 

• for every v, all maximal minors of the ((S v — 2) x <5„)-matrix (a V i e ) has full 



• H v i is a convergent power series in the z Wi 's all of whose monomials has 
v- weight higher that d v . 

This defines n—2 equations in n variables, and the corresponding subscheme X(T) C 
(D™ is called a splice diagram surface singularity. 

We have the first important result concerning splice diagram equations, which is 
Theorem 2.6 of |NW05a| . 

Theorem 4.5. Let T be a splice diagram satisfy the semigroup condition, and let 
X = X(T) be an associated splice diagram surface singularity. Then X is a two- 
dimensional complete intersection, with an isolated singularity at the origin. 



From now M will always be a graph orbifold with splice diagram T(M) and M 
is the underlying manifold, hence T(M) is equal to T(M) whit any edge- weight d ve , 
replaced by d ve j o\Oi • • • o„, where o\, . . . , o n are the orbifold degrees of all orbifold 
curves in M ve by Proposition 12.31 

Now this of course do not always produce an reduced splice diagram of M, since 
there could be leafs with weight I. 

Example 5.1. Assume M is a graph manifold with following splice diagram 



and assume that at the leaves named w\ , ui2 and u>3 , we have orbifold curves of 
orbifold degrees 3, 2 and 5 respectively. Then M is going to have the following 




e 



rank 



5. Plumbing and The Discriminant Group 
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splice diagram 




If we want the reduced splice diagram of M, we just remove the leaf W3, and the the 
central vertex becomes a valence two vertex, and therefore has to be suppressed, 
and we get 

W\ 




Let A(M) be a plumbing diagram of M, then one can get a plumbing diagram 
A(M) for M, by adding a arrow weighted with the orbifold degree at the corre- 
sponding vertex for each orbifold curve of M . By blowing up if necessary, we can 
assume that each vertex has at most one arrow attached. If v is a vertex of A(M), 
then the orbifold degree o v of v is the orbifold degree of the arrow attached to v, if 
no arrow is attached to v then o v = 1. When ever we use that notation A(M) and 
A(M), we will assume that they are connected in this way. 

Example 5.2. The graph orbifold M from Example [CT] has the following plumbing 
diagram 

- 2 



A 




Let E v C X be the curve where X is an analytic surface with dX = M cor- 
responding to the vertex v S A(M) and E v the corresponding surface in X with 
dX = M. Then let 



(3) E: = %-E v 

v£vert(A(M)) 

and 

(4) E: = TL-E V 

v£vert(A(M)) 

Now E and E are the same as Z-modules, but they have different intersection 
pairings defined by A(M) and A(M). Let A(M) be the intersection matrix of E 
in the basis given by E v . Then the intersection matrix for E in the basis E v is 
given by the matrix A(M) which is gotten from A(M) by multiplying each column, 
which corresponds to a vertex v, with the orbifold degree o v of v as defined above. 

One can construct F(M) from A(M) by suppressing all vertices of valence 2 in 
A(M) to get the tree structure, and using the following propositions from |PedlOa| 
to get the decorations. 

Proposition 5.3. Let v be a node in T(M), and e be a edge on that node. We get 
the weight d ve on that edge by d ve = |det( — A(A(M) ve ))\, where A(M) ve is is the 
connected component of A(M) — e which does not contain v. 
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A(M) = Z » 



A(M)„ e 

Proposition 5.4. Lei v be a node in T(M ). TTien i/ie sign e atv is e = — sign(aw), 
where the entry of A(M) 1 corresponding to the node v. 

Let {e v } C E* = hom(E, S)cE®Q and C E* = hom(E, TL) C E <g> (Q be 
the dual bases. 

Define the discriminant group as the finite abelian group 

£>(A(M)) := E*/E, 

the order of D(A(M)) is det(M): = |det(-A(M))|. The intersection pairing of 
A(M) induces pairings of E Q into Q and D(M) into Q/S. We then get the 
following facts about discriminant groups from Section 5 of |NW05aj . 

Proposition 5.5. Consider a collection e w , where w runs over all leaves ofT(M). 
Then D{M) is generated by the images of these e w . 

Proposition 5.6. Let ei, . . . , e„ be the elements of the dual basis o/E* correspond- 
ing to the leaves ofT(M). Then the homomorphism E* — > Q" defined by 

e (->• (e-ei,...,e- e n ) 

induces an injection 

D(M) ^ (Q/S) n . 

In fact, each non-trivial element of D(M) gives an element o/(Q/K) n wit/i ai Zeasi 
iiuo non-zero entries. 

We will embed (Q/Z) n into (D n via the following map 

(. . . , r, . . . ) i-)- (. . . , exp(27rir), ...)=:[..., r, ... ]. 

Proposition 5.7. Lei wi,...,u>„ &e the leaves ofT(M), then the discriminant 
group D(M) is naturally represented by a diagonal action on (D™, where the entries 
are n-tuples of |det(M)| 'th roots of unity. Each leaf wj corresponds to an element 

\f*wj ' &wi 7 • ■ • 7 &wj ' &Wn\ ■ — ( Gxp(27Tze u; ^ • e Wl ),..., (exp(27rze UJ ^ • e Wn )J , 

and any n — 1 of these generate D{M). The representation contains no pseudore- 
fiections, i.e. non-identity elements fixing a hyperplane. 

6. Congruence Condition for Graph Orbifolds 

The plumbing diagram A we use will be assumed to be quasi-minimal, this means 
that all weights on strings of A have weights less that —1, unless the string consist 
of a single vertex with weight — 1 . 

To any string 

-J^-J^ Zo ft * 

in A one associates a continued fraction 

n/p := bi 



1 



We associate 1/0 to the empty string. We need the following standard facts about 
this relation ship which proofs are not hard and can be found many places. 
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Lemma 6.1. Reversing a string with continued fraction n/p gives one with con- 
tinued fraction n/p' with pp' = 1( mod n). Moreover the following relations holds: 



n 


= det ( 


-J»- 






P 


= det ( 








P' 


= det f 









and the continued fraction in the last case is p'/n' with n! = (pp' — l)/n. 

For each n/p £ [l,oo], there is a unique quasi minimal string, and in this case 
the continued fraction associated to the reverse direction is n/p' where p' is the 
unique number satisfying p' < n and pp' = 1 ( mod n) . 

As we saw in last section the discriminant group D(M) acts diagonally on (D™. 
Viewing the z Wi J s as linear functions on (D™, D(M) act naturally on (D[z Wl , . . . , z Wn ] j 
where e acts on a monomial as 



JJ4r i-> [-JI( e ' ei0 ^] IT 



This is the same as saying that the group transforms each monomial according to 
the character 



exp ( - 27ri^(e • e^)a Wj .J. 



Now we will return the setting of T(M) satisfying the semigroup conditions, so 
we have the notion of admissible monomial. 

Definition 6.2. Let M be a graph orbifold with splice diagram T(M) satisfy 
the semigroup condition. Let A(M) be a plumbing diagram of M, then A(M) 
satisfy the orbifold congruence condition if for each node v of T(M) and adjacent 
edge e, one can choose admissible monomials M ve so that D(M) transforms these 
monomials according to the same character. 

Notice that if M is a manifold, then this definition is the same as the definition 
of congruence condition (Definition 6.3) in |NW05a| . Next we write down explicit 
equation in terms of T(M) and A(M) for the congruence condition. 

Lemma 6.3. The matrix (e v ■ e v >) where v,v' £ vert(A(M)) is the inverse matrix 
of A(M), and the matrix (e v -e v >) is the inverse matrix of A(M) 

Proof. This follows from elementary linear algebra. □ 

Lemma 6.4. For any v,v' £ vert(A(M)) ; we have that 

[o) e v ■ e v i = . 

<V 

Proof. This follows from Cramer's rule, i.e. if My is the i, j'th minor of A(M) and 
Mij is the i,j'th minor of A(M), then My is My with each column I multiplied 
by the corresponding orbifold degree oi, hence det(My) = (ili^j °l) det (My) and 

- ntC de t( A 1 (M)) detg7 - i) - ^ A(m - 



□ 



Lemma 6.5. If v and v' are different vertices in A(M), corresponding to leaves of 
T(M), then 
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Proof. e v ■ e v / — — l - M j- by Lemma 6.4 in |NW05a| . but by the definition of M it 
follows that l vv i = l vv i Y\ v n^ v v i o v n and d — dY\ v ,, o v >> , so using lemma l6~51 we get 

1 Ivv' Wv" ® v " 



1 I, 



o vv > 

o v > d 



□ 



Proposition 6.6. If v is a node in T(M) and w is a adjacent leaf and the continued 
fraction associated to the string in A(M) (and A(M) ) is given by (n w /o w )/p, where 
n w is the weight of the leaf and o w is the orbifold degree of the leaf. Let p' be the 
smallest positive integer such thatp'p = 1 mod (n w /o w ). Let {ni}^ =1 be the other 
weights adjacent to v and let N = Oi=i n i- Then 

^ o,„N v' 

Proof. By using 
we get 



■"W 



dn n 



and the formula for e w ■ e w given by proposition 6.6 in [NW05aJ 



-"w 



1 / n w /o w n i=1 rii/t 



-"W *~"W 



/OwYd/oiW^i n w /o u 



nl,d 



P_ 

1 1 ■■> , 



□ 



Corollary 6.7. The class of e w ' , where w' is a leaf, transforms the monomial 
Y[ by multiplication by the root of unity 



(8) 



O w d 



det(r) 



0Ui]' e y 



We are now able to give formulas for checking the congruence condition. 

Proposition 6.8. Let A be an orbifold plumbing diagram which splice diagram T 
satisfy the semigroup condition. Then the orbifold congruence condition is equiva- 
lent to the following: for every node v and adjacent edge e, there is an admissible 
monomial M ve = Y[ Z Z W where w is a leaf in T ve , so that for every leaf w' ofT ve , 



(9) 



det(r) 





O w ' lvw f 




I det(r) J 



Proof. The proof follows exactly as the prof given for the manifold case in Propo- 
sition 6.8 in |NW05aj . □ 

We will now look closer to how the congruence condition looks in the two node 
case. Let T be the splice diagram 



w i 



Wu 





Wok W lkl 

and let the orbifold degree corresponding to n%j be oy . let A be a plumbing diagram 
where we have made sure by blowing up that all the vertices v with o v ^ 1 have 
valence one. Then A is going to look like 
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(°oi) 



(on). 



n/p 



(?rf)M 



-h. 



(oofe ) 



Let be the unique positive integer satisfying PijPij = 1 mod (riij/oij) and 
Pij < (riij/oij). Let TVi = JT . riy. Then the equations for the congruence condition 
becomes 



oijNoNi 



nijc 



" i=i 

ei a i«i> 

" i=l 



nunijd 

QijNiri 
nunijd 



nij 



nijnij 



my 



Where we use that ri_/ = YliLi a M^ L De t ne choice of admissible monomials. This 
equality is of course equivalent to 









■OijTl 




nij- 




■ n U 


nyJ 



nijd 

where we use that nd — r^ri — NqN\ by the edge determinant equation (Corollary 
3.3 in |PedlOa| . Since riij/oij is an integer, the equation becomes equivalent to the 
following 

— p' u ee ~n mod (riij/oij). 

Olj 

Using the definition of p^ • gives us the following set of equations one need to check 
for the congruence to be satisfied 

Oil ' 

(10) — ee -npij mod (nij/oij). 

Olj 

7. Splice diagram equations determining the universal abelian cover 

Let M be a graph orbifold with splice diagram V — T(M) satisfying the semi- 
group condition. Assume that {a w } is a choice of semigroup coefficients such that 
A(M) satisfying the orbifold congruence condition. 

Definition 7.1. The set of semigroup coefficients {a w } is said to be M reducible 
if the orbifold degree o w divides a w for each leaf w G T. 

Let M be the underlying manifold of M, then the splice diagram L = T(M) is 
equal to T except that given an edge e G T at a node u, then the edge weight d ve 
in r is given by d ve = -j-j — rf " e - where d ve is the edge weight in T. If {a^,} is a set 

on M reducible semigroup coefficients then where a w — a w /o Wl is a set of 

semigroup coefficients for M since 



dye — 



dye 



wer v 



Q-wlyw 



n 



n 



E 



OLyj/Oy 



y 

'■7. , 



n 



E 



Qvjlyyj 
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Proposition 7.2. Assume that {a w } satisfy the orbifold congruence condition for 
A(Af) then {a w } satisfy the congruence condition for A(Af). 

Proof. Let v E T be a node and w' E Y ve be a leaf, then 

lww' _ _ 



det(M) 



= 51 



rv 



O w ' OL u 



U v >^ w , w > °v det(M) o,, 



det(M) 







~O w >l vw i Ylv'^w' ° v ' ' 






det(M). 




I det(M)n^<V - 




Ldet(M)J 



Where we use that {a w } satisfy the orbifold congruence condition to get from the 
third line to the fourth. □ 

Associate to each leaf w E F a variable z w . for each node v E Y let {a ulu } 
be a reducible choice of semigroup coefficients satisfying the orbifold congruence 



condition, and let a vw = Let Z ve = Y\ wer ^ z^"™ and Z ve = ELeiV Z S"™- 

Let t be the number of leaves of Y and Let V be the subvariety of (D* defined by 
the equations 

SeO^ieZ^e = 0, u a node, i = 1, . . . , 8 V — 2, 

where for all u the maximal minors of the ((<5„ — 2) x <5 1 ,)-naatrix (a W i e ) have maximal 
rank. Likewise let V be the subvariety of (D* defined by the equations 

Ti e a V i e Z ve — 0, v a node, £ = 1, . . . , S v — 2, 

with the same choice of a V i e as for V. Define the map F: (D* — > C* by 



(11) 



F( 2 



Then F(V) = V, and F is a branched abelian cover of <D* with dcg(F) = J\ w o w , 
branched over B = [_} w {z w = | o w > 1}. Now F\y: V — > V is a branched abelian 
cover, branched over Vf]B. 

Let X be a singularity which has resolution A(M) and hence has link M. Since 
the equations for V satisfy the congruence conditions for A(M), V defines the 
universal abelian cover of X branched over the origin by the work of Neumann and 
Wahl [NW05aJ. Let W : V — > X denote the covering map, then deg(7f) = \H\(M)\ — 

\H?~»(M)\ 

rt o w _ _ 

Now M embeds into X, so choose a small enough embedding i and let L(V) = 
Tf-^^M)), then L(V) is homeomorphic to the link of V. Let L(V) = F- X (L(V)), 
then by choosing small enough embedding L(V) is homeomorphic to the link of V. 



Then the restrictions of the maps F\ L ^ : L(V) — > L(V) and 



\L{V) 



M are abelian covers, the first branched over L(V) f] B. 

Let / : M — > M be the homeomorphism which identifies M and M as topological 
spaces. 

Definition 7.3. Let 7r: L(V^) — > M be defined as it = f o °7r|j,(y-) ° F|^(v). 

A priori 7r is just a continues map, we next turn to prove that n is an abelian 
orbifold cover. 

Let K w C M be the singular fiber corresponding to the leaf w £ L. Let 5 be 
the singular set of M, then 5 = [J w . >± K w . We want to determine ■n^ 1 (S). First 
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/ 1 {S) = S where we see S as a subspace of M, i.e. S is the union of singular 
fibers of M for which o w > 1, the last information is not detectable from M. Now 
W\^(K W ) = L{V) f]{z w = 0} and hence 

(for 1 ow\ L{V) )- 1 (S) = L(V)f] |J {z w = 0} = L(V)f]B 

Now /: (M — f^ 1 (S)) — > (M — S) is an abelian cover, since / is the identity away 
from S, tt| L (m) : (L(M) — B) — > (M — f~ 1 {S)) is an abelian cover, since it is the 
restriction of an abelian cover to a union of fibers. And F\ L ( V y. {L{V) — F~ 1 {B)) — > 
(L(M) — B) is an abelian cover, since it is the restriction of a branched abelian 
cover to the compliment of the branched locus. Hence 

A(l ( v)-,-hs)) ■■ (HV) - n-^S)) -> (M - S) 

is an abelian cover of degree deg( J F)deg(7f)deg(/) = {]J W o w ) l S^^- l = \H? rb (M)\. 
So next we turn to what happens in the neighborhood of an orbifold curve. 

Proposition 7.4. Let K w C M be a orbifold curve of degree o w and let Nk w be a 
solid torus neighborhood of K w , then it\ v -i( Nk y. tt~ 1 (Nk w ) — > Nk w is an abelian 
orbifold cover of degree \Hi rb (M)\. 

Proof. We both need to show that the exist open set U C R 3 and D C R 2 and a 
branched abelian cover n: U — > D x S 1 and a homomorphism ip: TLjaTL — > TLjaTL 
such that 7r is equivariant with respect to ip and the following diagram commutes 

U >■ DxS 1 

I I 

U/{7L/a%) (D x S 1 ) / '{TLjaTL) 

\ I 

TT" 1 (N Kw ) ^ N Kiu . 

The vertical maps are the ones given from the orbifold structures of tt^ 1 (Nk w ) and 
Nk w , i.e. the upper maps are quotient maps and lower maps homeomorphisms. We 
can choose I? to be a disk, and by choosing it small enough (i.e. choosing Nk w small 
enough) we get that tt~ 1 {Nk vj ) is a disjoint union of solid torus neighborhoods Vk 
of an singular fiber K, hence we can choose U to be a disjoint unions of D x S 1 . 
We now only need to see that the diagrams commute for each of these component. 

Let t„ = e 27 ™/™, then TLjaTL acts on (D x S 1 ) by (x,s) -)■ (t%-x,t%»s) where 
gcd(a, v a ) = 1. Likewise TLjaTL acts on (D x S 1 ) by (x,s) -> {t v a -x,t a s). 

Let N' k = ^{NkJ C M, and then 7f _1 (iV^) = \X =1 ~v' Kl where V' K is a 
solid torus neighborhood of a singular fiber of degree a'. Let a' = a/o w and 
j3' = f3/o w then the orbifold structure on N' K is given by TLja'TL acting on D x S 1 
by [t v ^' x, t a 's), where v a /(3' = —1 mod a' and this implies that v a = v a > mod a' . 
Since W is an abelian orbifold cover there exist an homomorphism tp' : TLja'TL — > 
TLja'TL, and an abelian cover 7f' such that the following diagram commutes 

DxS 1 > DxS 1 

t t 

{D x S 1 )/ {TLja'TL) {D x S 1 )/ '{TLja'TL) 

\ I 

T? - 5- N' 
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and tp(t a i)n'(x, s) = n'(t^f x, t a >s). 

Now since 7f is an abelian cover, it follows that a' = \a! for some A and hence, 

Now restricting F to Vk one sees that F is a branched cover and if Vk = D x S 1 
then F(x, s) — (x° w , s) 6 V K = D x S 1 . Now the Seifert fibered structure on V K 
is define by the curve of slope b'/a', and it lifts to the curve of slope o w b'/a' and 
hence a = a' and b = o w b' and hence v a > = o w v a mod a' . 

We can now define tt and i\>. n(x, s) — tt'(x° w , s) and ij)(t a ) = £°™ A . So first we 
need to check that tt is equivariant with respect to ip 

ip(t a )ir(x, s) = t°™ x if' (x° w , s) = tp' (t' a )lf' (x° w , s) = w'(t" a f x° w ,t a >s) 
= Tf'{t° a r v «x°™ , t a .s) = W'((t v a «x)°-, t a ,s) = n(t v a 'x, t a s) 

So what is left is just checking that the diagram commutes. Start by taking 
(x, s) € D x S 1 , then the one composition is taking tt(x, s) and send it to the class 
in (D x S' 1 )/(Z/aZ), and the other composition is sending (x, s) into the class in 
(D x S 1 ) /(%/(!%) and then take tt. If we denote the class in (D x S x )l{TLlkTL) 
where the action is given by the integers k, I by [x, shfc n, then we need to see that 
7i"(N,s](a,6)) = [7r(:E)S)](a,/9)- Now ?r([x, s]( a ,6)) = /(^(^(t^: s ](a,fc)))) by definition. 
Since the Seifert fibered structure on Vk is given by pulling back the Seifert fibered 
structure on V K by (x° w , s), F([x, s]( a .b)) — > s ](a'.f)')' construction we have 
that 7f([x,s] (a / !b /)) = [7f'(x,s)] (Q ,/ )/3 /), and by definition /([x, s] (a / i/S /)) = [x,s] (ct ^), 
hence 7r([x, s]( 0! m) = [7f"(x° lu , s)]( a ,,g), and the diagram commutes. 

Last we need to calculate the degree of w\u- First the degree of tt\v k ■ Vk — > 
Nk„ is o w X. The degree of 7f on J:^ 1 (N K ) — (J™. 1 is |iJi(M)|, hence m = 
|ifi(M)|/A. C/ = Ui2r °™ ' K ~ 1 (v'k) and hence the number of component of C7 is 
(|Fi(M)|/A)n w¥w anddeg^l,;) = o^Ad^WI/A) o«' - \Hi(M)\Il w > o w > = 

\H° rb (M)\. □ 

Combining the above results gives us the following theorem 

Theorem 7.5. Let M be a rational homology sphere graph orbifold with splice 
diagram T satisfying the semigroup condition. Suppose there exist a graph orbifold 
M' also with splice diagram T, and a set of reducible semigroup coefficients {a} 
for M satisfying the orbifold congruence condition. Then the link of the complete 
intersection defined by (T, {a}) is homeomorphic to the universal abelian cover of 
M. 

Proof. The above show that tt: L(V) — > M' is an orbifold abelian cover of degree 
\Hi(M)\, and hence the universal abelian cover of, M' , combining this with the 
second main theorem of [PedlOaJ gives the result. □ 

So to prove that the the splice diagram always define the universal abelian cover, 
one just have to show that given M with T(M ) satisfying the semigroup condition, 
there always exist a M' with a reducible set of admissible monomials satisfying the 
orbifold congruence condition such that T(M') = T(M). We will in the next section 
show this is always true in the case of a splice diagram with only two nodes, by 
constructing such a M' from any two node splice diagram satisfying the semigroup 
condition. 

8. Algorithm for construction an orbifold with a given two node 

splice diagram 

In this section we will make an algorithm which given any two node splice di- 
agram r satisfying the ideal generator condition gives a graph orbifold M with 
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r(M) = r. We will construct M by giving a plumbing diagram A such that 
A = A(A7). We will not give a complete plumbing diagram, but specify the orb- 
ifold degrees, the weight at the nodes, and the continued fraction associated to 
the strings. From this data one can the obtain the complete plumbing diagram if 
needed. Let the splice diagram look like the following 




Let Nj — Yii n jii an d let D be the edge determinant of the central edge. The 
plumbing diagram will be given by 

(001) 



. • ~~ ~~ - - — bo - 6i„ 
A = • _ =0-^ °= 



(o 0k0 ) ° k ° lkl (o lfc J^' 

So we need to specify Oji, p^ and 6-,-, from the information given by T. 

• First chose integer otji such that ri_j = ^2i a ji^i these integer exist 
since T satisfy the ideal generator condition. If T furthermore satisfy the 
semigroup condition, then the atji 's can be chosen to be non negative, and 
the choice of ay,-'s is a choice of semigroup coefficients for r±-j. 

• Let Xji be the smallest integer, such that XjiUji > £jCtji if D > 0, and 
XjiUji > —EjOLji if D < 

• Let o Ti = gcd{n Ti ,aji). 

• Let Pji = A ""^~ aj ' if D > 0, and P]l = Aj '^+" J ' if D < 0. 

• Let bj = J2i x ji- 

Notice that gcd(nji/oji,pji) = 1 so these choices gives a well-defined plumbing. 



Proposition 8.1. Let M be the graph orbifold given by A with the above choices, 
then T(M) = T and \H? rb (M)\ = D(e). 

Proof. Since the weight to the leaves in T(M) is (nji/oji)oji, it is the same weight 
as in r. Next we start by considering the case that D > 0, then the unnormalized 
edge determinant equation (Lemma 3.2 in |Pedl0a| ) implies that det(M) > 0, so 
the only thing to check is that fj, the weights associated to the central string in 
T(M), is ei-jTj. 



= ( n 0ji ) det(A(M) Vj+ie ) = ( n <>») ( n & - e ^-) 

i i i i J J 

it i j j 

The case whit D < is similar, but now det(M) < and fj = —Ex-jfj. The last 
statement follows from the edge determinant equation (Corollary 3.3 in [Ped lOaJ). 
since the fiber intersection number of e is 1, or by using the above calculation to 
calculate det(A). □ 

Notice that M do depend on the choice of ajj's. 
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Corollary 8.2. Let T be a splice diagram satisfying the semigroup condition. Then 
if M is a graph orbifold given by the above algorithm, then M satisfy the orbifold 
congruence condition. 

Proof. We need to check that the equations 2ii = —npji mod (nji/oji) given by 
(fTUjl are satisfied. Now n — 1 so by definition 

Pji . 

Oji Oji Oji 

Which implies that — = pji mod (nji/oji), and hence the congruence condition 
is satisfied. □ 



Notice that the otji 's are a reducible set of semigroup coefficients by the definition 
of the Oji's. So combining this with Theorem [73] we get that given a two node splice 
diagram T satisfying the semigroup condition, the link of any splice diagram surface 
singularity is homcomorphic to the universal abelian cover of any graph orbifold 
with r as its splice diagram. 

Now this method for proving that the link of the splice diagram equations are the 
universal abelian covers does not easily generalize to more the two nodes. Already 
in the 3-node case is the semigroup (or ideal) condition not sufficient for a splice 
diagram to be realized by a graph orbifold. The following diagram 




is not the splice diagram of any graph orbifold, even though it satisfy the semigroup 
condition. The reason is that one has by the edge determinant equation (Corollary 
3.3 in [PedlOa]) that the order of H° rb (M) divides all edge determinants, so if T 
where the splice diagram for some M, then \H° rb (M)\ would divide D(ei) = 26 and 
D(e2) = 20, and hence divide 2. Now M can not be an integer homology sphere 
because then all weight adjacent to a node would have to be pairwise coprime 
according to |EN85j . so Hf rb (M) = 7L/27L. Using the topological description of the 
ideal generator given in section 12.1 in |NW05a| . one easily sees that given any edge 
e in r(M), the product of the two ideal generators associated to each of the ends of 
e has to divide the order of H^ rb (M), this includes edges to leaves. Now the ideal 
generator associated to leaf w is 4, and hence do not divide the order of H° rb (M) 
so we get a contradiction. 

The above consideration on ideal generators leads to the following necessary 
condition for a splice diagram T to be realized from a graph orbifold: The product of 
the ideal generators associated to any edge has to divide all the edge determinants. 

But even this condition is not sufficient. The following splice diagram satisfy it, 
but is not realizable by any graph orbifold. 



r = 
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The edge determinant equation and the above mentioned condition implies that 
\Hi rh (M )| = 30 if M is a graph orbifold realizing V . Then using this and the edge 
determinant equation we can make a splice diagram for M Viei since we know that 
\H° (M Viei )\ = 90. We can continue doing this until we get that there exists a 
graph manifold M' with \Hi(M')\ — 60 and with the following splice diagram. 



we now this has to be manifold, since all the singular fibers has come from the 
process of creating M ve 's, and hence does not have orbifold curves. This means M' 
is a Seifert fibered manifold with Seifert invariants (1, —6), (6, /?i)(21, P2), (10, ^3) , 
a simple calculation shows that such a Seifert fibered manifold can not have first 
homology group of order 60. 

The failure of the last example is not as easy as the first to specify in a nice 
condition, so do at the moment not have a good idea on a set of necessary conditions 
for a splice diagram to be realized by graph orbifold. Even without this, it might 
still be possible to used Theorem 17.51 to prove it for more general graph orbifolds 
that just the once having two node splice diagram. 

An other interesting question is, what are splice diagram singularities coming 
from diagrams as above. 




o 
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